This article presents the free vibration of piezoelectric functionally graded carbon nanotube-reinforced composite conical panels with elastically restrained boundary conditions. The material properties of carbon nanotube-reinforced composites are assumed to be temperature-dependent and are obtained using the extended rule of mixture. First-order shear deformation theory is adopted to obtain the kinematics of the hybrid panels, and the boundary spring technique is used to implement arbitrary boundary conditions. Meanwhile, two types of electrical boundary conditions, closed circuit and open circuit, are considered for the free surfaces of the piezoelectric layers. The complete sets of electromechanically coupled governing equations are obtained using the Rayleigh-Ritz procedure with the Chebyshev polynomial basis functions. The resultant eigenvalue problem is solved to obtain natural frequencies and mode shapes of the hybrid panels. Convergence and comparison studies have been conducted to verify the stability and accuracy of the proposed method. Several numerical examples are examined to reveal the influences of the carbon nanotube volume fractions, carbon nanotube distribution types, boundary conditions, geometrical parameters, and temperatures on the natural frequencies of the hybrid panel. Moreover, the mode shapes of the hybrid panels under various boundary conditions are also presented.
Introduction
As a novel class of material, carbon nanotubes (CNTs) have attracted increasing attention in recent years due to their remarkable mechanical and physical properties. For instance, they have a low density of 1.3 (g/cm 3 ) and Young's modulus with a value greater than 1 (TPa) which are superior to all carbon fibers. 1 Due to such excellent and unique features, CNTs have been considered as a promising reinforcement for polymer composites, which will be widely applied in the areas where high strength and light weight are needed, such as aeronautics and astronautics. Extensive investigations about carbon nanotube-reinforced composite (CNTRC) materials have been conducted to study their material properties and constitutive modeling. Coleman et al. 2 reported a review and comparison of mechanical properties of CNTRCs fabricated by different processing methods. Tensile test experiments of CNT composites have been conducted by Qian et al., 3 and their results demonstrated that reinforcement with only 1 wt% nanotubes resulted in 36%-42% increase in elastic modulus and 25% increase in break stress. Through molecular mechanic simulations and elasticity calculations, Liao and Li 4 studied the interfacial characteristics of a CNT-reinforced polystyrene composite system. They found that interfacial shear stress of the CNT-polystyrene system is approximately 160 MPa, which is significantly higher than most carbon fiberreinforced polymer composite systems. By means of several micromechanics models, Li et al. 5 investigated reinforcing mechanisms of single-walled CNT-reinforced epoxy composites and found that the results of both Halpin-Tsai and Mori-Tanaka models are in close agreement with the experimental results. Classical molecular dynamic (MD) simulations of model polymer/CNT composites constructed by embedding a single-walled carbon nanotube (SWCNT) (10, 10) into two different amorphous polymer matrices are carried out by Han and Elliott. 6 The results showed that the MD results matched very well with those obtained from the rule of mixture.
Functionally graded materials (FGMs) are a new breed of composite materials with properties that vary spatially according to a certain non-uniform distribution of the reinforcement component. Inspired by the concept of FGMs, the pattern of functionally graded (FG) distribution of reinforcement has been successfully applied for CNTRC materials. FG-CNTRCs were first proposed by Shen. 7 Numerical results of Shen reveal that nonlinear bending behavior can be considerably improved using an FG distribution of CNTs in the matrix. Recently, Kwon et al. 8 have successfully achieved the linear distribution of CNTs in a matrix, rather than the uniform distribution of CNTs in a matrix using the power metallurgy fabrication process, which proves the feasibility of FG-CNTRC.
Generally, FG-CNTRC can be incorporated in beams, plates, and shells as structural components in practical engineering. Extensive studies have been devoted to analyzing static bending, 7, 9 elastic buckling and postbuckling, [10] [11] [12] [13] and linear and nonlinear free vibrations [14] [15] [16] [17] of FG-CNTRC structures in recent years. Shen and colleagues 7, [18] [19] [20] [21] carried out a series of research on bending, vibration, and buckling problems of FG-CNTRC plates and cylindrical shells using the two-step perturbation techniques. Using the elementfree kp-Ritz, Zhang et al. [22] [23] [24] dealt with the nonlinear deformation of triangular and quadrilateral FG-CNTRC plates. Alibeigloo and Liew 25 investigated the bending behavior of simply-supported rectangular FG-CNTRC plates using the three-dimensional theory of elasticity under thermo-mechanical loads. Rafiee et al. 26 proposed an exact closed-form solution for the thermal buckling and postbuckling of piezoelectric FG-CNTRC Timoshenko beam. More detailed description may be found in the review article given by Liew et al. 27 Conical panels or shells are one of the most important structural components which have found a wide range of applications in marine, civil, mechanical, and aerospace engineering. Recently, a few studies have been done on the mechanical characteristics of FG-CNTRC conical shells. Heydarpour et al. 28 examined the vibration of rotating FG-CNTRC truncated conical shells. Based on first-order shear deformation theory (FSDT), Jam and Kiani 29 and Mirzaei and Kiani 30 studied the linear mechanical and thermal buckling of FG-CNTRC conical shells, and hybrid Fourier-generalized differential quadrature (DQ) method was used to solve the partial differential equations. Adopting harmonic DQ (HDQ) method, Mehri et al. 31 dealt with the buckling and vibration responses of a FG-CNTRC conical shell based on Novozhilov nonlinear shell theory. Similarly, using the same method, Mehri et al. 32 analyzed the dynamic instability of a pressurized FG-CNTRC-truncated conical shell subjected to yawed supersonic airflow. Ansari et al. 33 treated the buckling analysis of axially loaded FG-CNTRC conical panels using variational DQ (VDQ) method.
Although a few studies have been conducted on the mechanical behaviors of FG-CNTRC conical panels or shells, to the best of authors' knowledge, there is no work on the free vibration of CNTRC conical panels. Meanwhile, in the above available literatures, only the classical boundary conditions are considered. However, in practical engineering applications, the panels may not always be classical in nature and there may be elasticity along the supports. Thus, understanding the vibrational characteristics of FG-CNTRC structures under elastically restrained boundary conditions is of great necessity, which will be the focus of this article.
Integrating the engineering structures with piezoelectric layers is practically of much importance. The piezoelectric layers, as distributed sensors and actuators embedded in structures, have wide application in structural vibration control, 34 shape control, 35 and structural health monitoring. 36 Motivated by this, this article deals with the free vibrations of FG-CNTRC conical panels integrated with piezoelectric layers at the top and bottom surfaces and subjected to elastically restrained boundary conditions. Distribution of electric potential through the thickness of the piezoelectric layers is assumed to be linear. The material properties of the host panels are assumed to be temperature-dependent and graded in the thickness direction, and are estimated using an extended rule of mixtures which contains efficiency parameters. FSDT is adopted to obtain the kinematics of the panels, and the boundary spring technique is used to simulate arbitrary boundary conditions, including classical and elastic ones. Meanwhile, two types of electrical boundary conditions, namely, closed circuit and open circuit, are considered for the free surfaces of the piezoelectric layers. The complete sets of electro-mechanically coupled governing equations are obtained using the Rayleigh-Ritz procedure with the Chebyshev polynomial basis functions. Solving the resultant standard eigenvalue problem, the natural frequencies and the mode shapes of the panels are achieved. Several numerical examples will be presented to reveal the influences of the CNT volume fraction, CNT distribution type, geometrical parameters, and temperatures on the nature frequencies of the hybrid panel. Moreover, effects of stiffness coefficients of boundary springs and electrical boundary conditions are also investigated. Finally, the mode shapes of the hybrid conical panels with various boundary conditions are presented.
Theoretical formulation
A CNTRC conical panel integrated with two perfectly bounded piezoelectric layers at the top and bottom surfaces is considered in this study. As shown in Figure 1 , the hybrid conical panel has a semi-vertex angle a, subtended angle u 0 , length L 0 , and small mean radius R 0 . The thicknesses of the host shell and the piezoelectric layers are denoted by h and h p , respectively. A coordinate system (x, u, z) with the origin located at the small end and on the middle plane of the hybrid conical panel is considered where the axes x and u are pointed in the longitudinal and circumferential directions of the shell and z is in the direction of the outward normal to the middle surface. u, v, and w represent displacement components of an arbitrary point of the piezoelectric CNTRC shell along x, u, and z axes, respectively. It is noted that the mean radius of the conical panel at any point along its length can be written as r(x) = R 0 + x sin a.
The host panel is made of a polymeric matrix reinforced with SWCNTs. Distribution of CNTs in a matrix may be FG or uniform along the direction of thickness. In this research, three types of FG and the uniformly distributed (UD) case are considered, as shown in Figure 2 . FG-V, FG-X, and FG-O are assumed to be FG distributions of CNTs in the polymeric matrix. For FG-V type panel, the top surface of the host panel is CNT-rich. For FG-O type panel, the middle surface of the host panel is CNT-rich, and both top and bottom surfaces are CNT-rich for FG-X type panel. The CNT volume fraction V CNT for each distribution type can be described as follows
where V Ã CNT is the total CNT volume fraction determined by
in which w CNT is the mass fraction of CNTs, and r
CNT
and r m are the mass density of CNTs and matrix, respectively. It should be noted that all the distribution types of CNTs have the same value of CNT mass fraction.
The material properties of SWCNT and CNTRC were proved to be anisotropic by many researchers. 37 ,38 According to the rule of mixture and considering the CNT efficiency, the effective mechanical properties of FG-CNTRC host panel can be expressed as follows denote Young's modulus and shear modulus of CNT, respectively, and E m and G m represent the corresponding properties of the isotropic matrix. CNT efficiency parameters h i (i = 1, 2, 3) are introduced to account load transfer between the CNTs and polymeric phases (e.g. the surface effect, strain gradient effect, and intermolecular coupling effect) and other effects on the effective material properties of CNTRC, which are determined by matching Young's moduli E 11 and E 22 of CNTRC obtained by rule of mixture to the MD results of Han and Elliott. 6 V m is the matrix volume fraction and satisfies the condition
Similarly, Poisson's ratio and the mass density of the host panel are expressed as
where v CNT 12 and v m are Poisson's ratio of the CNTs and the matrix, respectively.
In order to consider the effects of through-thethickness shear deformation and rotary inertia, FSDT is used to estimate the displacement components of the hybrid shell across the thickness. 39 According to this theory, the displacement components at an arbitrary point in the hybrid panel can be expressed as follows
where u 0 , v 0 , and w 0 denote the displacement components of the corresponding point on the middle surface of the panel along the x, u, and z axes, respectively. c x and c u are the transverse normal rotations about the u and x axes, respectively. Based on FSDT, the strain components at arbitrary point in the hybrid panel are given by are the through-thickness shear strain components. k x , k u , and k xu are the components of change in curvature. These strain components above can be written in terms of the displacement and rotation components as follows
The constitutive relations describing the electrical and mechanical interactions for piezoelectric FG-CNTRC shell are given by 
where E i and D i are the components of the electric field intensity and the electrical displacements, respectively. Q ij (z), e ij (z), and k ij (z), (i, j = 1, 2, 3, 4, 5, 6), respectively, represent the reduced material stiffness coefficients compatible with the plane-stress conditions, piezoelectric stress constants, and dielectric permittivity coefficients for a constant elastic strain. 
in which E p and v p are Young's modulus and Poisson's ratio of the piezoelectric layers, respectively. e p ij and k p ij are, respectively, the piezoelectric stress constants and dielectric permittivity coefficients for a constant elastic strain for the piezoelectric layers. Since the piezoelectric layer is very thin, the electric potential is assumed to be linearly distributed in the thickness direction and the through-thickness component E z of the electric field is dominant. 40 Therefore, for the top and bottom piezoelectric layers, the component E z of the electric field can written as given below
where superscripts t and b are associated to the top and bottom piezoelectric layers, respectively. f t (x, u, t) and Àf b (x, u, t) denote the electric potential at the free surface of the top and bottom piezoelectric layers, respectively.
Then, force, moment, and transverse shear force resultants per unit length can be expressed as 
where k s is the shear correction factor and in this work is taken as k s = 5=6. H = h + 2h p is the total thickness of the hybrid panel.
In order to obtain the vibrational characteristics of the hybrid shell with the elastically restrained boundary conditions, the boundary spring technique is adopted. 42 Along each end of the shell, three groups of translational springs ( § u , § v , and § w ) and two group of rotational springs ( § h and § q ) which are distributed uniformly along the boundary are introduced to separately simulate the boundary forces and moments.
, and § q x0 denote the sets of springs distributed along the edge x = 0. Similarly, by replacing the subscript x0 with xL, u0, and uu, the other three sets of boundary springs at the corresponding ends can be designated, respectively. Therefore, arbitrary boundary conditions of the shell can be generated by assigning the translational and rotational springs at proper stiffnesses. For example, a clamped boundary can be generated by setting the stiffnesses of all the springs equal to infinite (which is represented by a very large number). Inversely, a free boundary is gained by setting the stiffnesses of the entire springs to zero. Thus, the general boundary conditions of an elastically restrained panel can be described as follows:
The energy-oriented Rayleigh-Ritz method is adopted to obtain the equations of motion of the shells in this study due to its good results and efficiency in modeling and solution procedure. To do this, the first step is to define the energy expressions of the hybrid panels. The sum of strain, electrostatic, and coupling energies of the piezoelectric FG-CNTRC panel can be written as
r(x)dxdu
By substituting equations (7), (8), (10), and (12) into equation (15) , U can be written in terms of displacement components and electrical potentials.
The strain energy stored in the boundary springs is expressed as
The kinetic energy of the panel is defined as
where the dot above the variables represents differentiation with respect to time. r 0 , r 1 , and r 2 are the inertial terms, defined by
in which r(z) is the mass density of the hybrid panel. Thus, the Lagrangian energy function of the hybrid panel can be written as
Once the energy equations of the hybrid shell are established, the next step is to construct the proper admissible displacement functions and solve these functions.
Solution procedure
To adopt Rayleigh-Ritz procedure to obtain the discretized governing equations for the piezoelectric FG-CNTRC conical shell, the displacement components (u 0 , v 0 , w 0 , c x , and c u ) and the electric potentials (f t and f b ) involved in equation (19) should be expanded in terms of the admissible functions. In this study, the choice of the admissible displacement functions is considerably simplified, and any independent, complete basis functions may be employed to produce accurate results. The reason lies in the fact that the geometric boundary conditions of the panel are relaxed and enforced through boundary springs which can be seen as penalty parameters, and there is no need to explicitly satisfy the essential and natural conditions on these boundaries for the admissible functions. 43 In this work, the Chebyshev polynomials of first kind are chosen as the basis functions to expand the displacement components. The displacement components can be expressed in the following forms
where v is the angular frequency of vibration; A mn , B mn , C mn , D mn , and E mn are corresponding Chebyshev expanded coefficients; and T m (x) and Q n (u) are the mth and nth order Chebyshev polynomial for the displacement components in the x and u directions, respectively. The Chebyshev polynomial series of first kind are defined as follows
It should be noted that the Chebyshev polynomial series of first kind given in equation (21) are complete and orthogonal series are defined in the interval of ½À1, 1. Thus, a coordinate transformation from x and u (for x 2 ½0, L 0 and u 2 ½0, u 0 ) to x and u ( x, u 2 ½À1, 1) needs to be introduced, that is,
For the admissible electric potential functions, an auxiliary function is introduced to meet the electrical boundary condition. For electrical boundary condition, on each edge of the panel, either electric displacement or electric potential should be equal to zero. Here it is assumed that the piezoelectric layers are grounded all around, and therefore, on all four edges of the panel, the electric potentials are equal to zero. Electrical boundary conditions for the top and bottom piezoelectric layers may be expressed as
The electric potentials (f t and f b ) may be expanded via Chebyshev polynomials and auxiliary functions as follows
where F mn and G mn are the corresponding Chebyshev expanded coefficients. R t (x, u) and R b (x, u) are the auxiliary functions chosen according to the electrical boundary conditions. Consequently, in this study, these two auxiliary functions take the following form
It should be noted that for an actual calculation, a limited number of polynomial terms must be used due to the limited computational cost and required numerical accuracy. Consequently, the numbers of polynomial terms truncated for displacements and electrical potentials are chosen as M and N to obtain the results with acceptable accuracy.
Once the admissible functions and energy expressions of the hybrid panel are established, the next task is to determine the coefficients in the admissible functions. By substituting equations (15)- (17) into equation (19) together with the admissible functions defined in equations (20) and (23) and minimizing the total expression of the Lagrangian energy function with respect to the undetermined coefficients, we obtain
a total of 7 3 (M + 1) 3 (N + 1) equations related to the unknown coefficients can be achieved and written in the form of matrix as
where K UU is the elastic matrix, K UF is the piezoelectric matrix, M UU is the mass matrix, K FF is the permittivity matrix, and
The superscript T represents the transposition operator of matrix. Besides, the mechanical displacement vector is denoted by U and the electric potential vector is denoted by F, which are written as U = ½A 00 , . . . , A 0n , . . . , A 1n , . . . , A mn , . . . , A MN , B 00 , . . . , B 0n , . . . , B 1n , . . . , B mn , . . . , B MN , , F 0n , . . . , F 1n , . . . , F mn , . . . , F MN , G 00 , . . . , G 0n , . . . , G 1n , . . . , G mn , . .
Two cases of electrical boundary conditions, the closed circuit and open circuit, may be considered for the top and bottom surfaces of the piezoelectric layers. The former indicates that the top and bottom surfaces of the piezoelectric layers are grounded, and the latter implies that the electric potential on free surfaces of the piezoelectric layers is unknown.
Substitution of equation (26b) into equation (26a) and elimination of F lead to the electro-mechanically coupled system of equations as follows
which is the equation of motion of the piezoelectric conical panels under open-circuit boundary conditions. For the closed-circuit conditions, the electric potential at the free surface of piezoelectric layers is identically zero, and thus, the piezoelectric coupled terms and electric potential vector F disappear from equation (26) . Therefore, for the closed-circuit condition, the system of equations (26) are simplified to the following form
The natural frequencies of the structure considered can be determined by solving the standard eigenvalue problem (equation (28) or (29)). Subsequently, the mode shapes of the hybrid panel can be obtained by substituting the corresponding coefficients into the displacement expressions. The solution procedure may be implemented in a MATLAB code.
Results and discussion
With the theoretical formulations presented in the previous sections, several examples for the free vibration analysis of FG-CNTRC conical panels integrated with piezoelectric layers with different boundary conditions and physical and geometrical parameters are conducted in this section to examine the accuracy, reliability, and the efficiency of the proposed method. In this section, convergence and comparison studies are presented first. Afterwards, parametric studies are carried out to examine the effects of involved parameters. In the rest of this article, a four-letter string is adopted to
3 -type edge, the transverse displacement is elastically restrained by a transverse boundary spring with stiffness constant § w per unit length (i.e. w 0 6 ¼ 0, u 0 = v 0 = c x = c u ). Since the boundary spring groups are introduced in this study, arbitrary boundary conditions of the panel can be easily generated by setting proper spring stiffness values. Taking edge x = 0, for example, the corresponding spring stiffness values for the above four types of classical boundaries and three elastically restrained boundaries are given as follows
Simply-supported (S) :
Elastically restrained edge (E 1 ) :
Elastically restrained edge (E 2 ) :
Elastically restrained edge (
where
2 and K 0 is the given stiffness coefficient of the elastic edge. In our study, a considerably great stiffness of 10 8 D m is adopted to make sure the corresponding boundary displacement component is nearly equal to zero, which will be checked by several examples given in the following discussion. Unless otherwise stated, poly(methyl methacrylate), referred to as PMMA, is chosen as the matrix with material properties E m = (3:52 À 0:0034 T ) GPa, v m = 0:34, and r m = 1150 kg=m 3 , where T = T 0 + DT. Here, DT is the temperature change and T 0 is the reference temperature which is set equal to 300 K. (10, 10) armchair SWCNT is selected for the reinforcements. À8 F=m. It should be noted that, in all of the numerical results, except for Table 7 , free vibrational analysis is performed at room temperature T = 300 K.
Convergence and comparison studies
In this section, the convergence of the proposed method for free vibrational analysis of piezoelectric FG-CNTRC conical shell is examined to establish the number of the required polynomial terms used to achieve accurate results. Since no work has been reported on the free vibration of piezoelectric FG-CNTRC conical panel, some comparison studies are performed for the available results of FG-CNTRC cylindrical panels and plates. Some relevant comparison and convergence tests are provided in Table 1 . The first six frequency parametersv = vL From the table, we can find a very close agreement between present solutions and those of the available literature. It is obvious that by increasing M and N, the numerical results converge rapidly. In addition, the results are nearly unchanged with the growth of M and N when they reach a certain value, M = N = 11. Therefore, in the rest of this research, the number of the required polynomial terms is chosen as M = N = 11.
A comparison study is presented in the next example for an FG-CNTRC cylindrical panel without piezoelectric layers under various boundary conditions and CNT distribution type. The first four frequency parameterŝ v = vL For the next example, an FG-CNTRC plate integrated with PZT-5A piezoelectric layers is considered. First four natural frequencies of such plate are compared with those obtained by Kiani, 41 as listed in Table  3 . The material properties of CNT and piezoelectric layers are set to be equal to those in the previous sections, whereas those of the matrix are E m = 3:52 2GPa, v m = 0:34, and r m = 1150 kg=m 3 . Two kinds of electrical boundary conditions are considered for the free piezoelectric surfaces, that is, open circuit and closed circuit. It is seen that results of this study match well with those obtained by Kiani. 41 The convergence and comparison studies show the excellent convergence and accuracy of the proposed formulations and solution method for the free vibration of FG-CNTRC conical panels with piezoelectric layers.
Parametric studies
In this subsection, parametric studies are carried out to examine the effects of the electrical and mechanical boundary conditions, distribution type of CNTs, Table 4 is associated to eight types of boundary conditions, including classical and elastic boundary conditions. It is seen from the table that the fundamental frequency parameter of the hybrid panel increases as the electrical boundary conditions change from the closed circuit to open circuit. The reason lies in the fact that the closed-circuit piezoelectric layer discharges electric potential during vibration, while the open circuit one converts it to mechanical energy. Consequently, piezoelectric effect is more prominent in panels bonded with open-circuit piezoelectric layers. It is found that the increase in the volume fraction of CNTs increases the fundamental frequency parameter of the hybrid panel. In addition, among the four possible graded types of the CNTs, FG-X type of CNT distribution results in higher frequency parameter and also FG-O type has the lowest one. This is because the reinforcements distributed close to the top and bottom surfaces are more efficient than those distributed near the mid-surface for increasing the stiffness of CNTRC panel. F, and CFFF. In other words, the elastic boundary conditions have a remarkable effect on the fundamental natural frequency parameters of the hybrid panels. Table 5 examines the influence of semi-vertex angle a and thickness-radius ratio h=R 0 on the fundamental natural frequency of FG-CNTRC conical panel integrated with closed-circuit piezoelectric layers. Three different ratios of h=R 0 and five different semi-vertex angles are considered. Volume fraction of CNT is chosen as V Ã CNT = 0:17 and FG-X pattern of CNTs is considered. This table covers the fundamental frequencies with various boundary conditions, including classical and elastic ones. It is worth noting that when thickness-radius ratio varies from 0.05 to 0.15, the fundamental frequency increases, whereas the fundamental frequency decreases as semi-vertex angles change from 15°to 75°. A similar effect of mechanical boundary conditions of the panel on the fundamental frequency can also be obtained in this case. Table 6 presents the effect of piezoelectric thickness on the first four natural frequencies of FG-CNTRC conical panel integrated with open-circuit and closedcircuit piezoelectric layers. In this table, geometrical characteristics of the host panel are the same with those used in Table 4 , but three different ratios of h p =h are considered. Volume fraction of CNT is chosen as V Ã CNT = 0:17, and FG-X pattern of CNTs is considered. Various boundary conditions, including classical and Table 5 . Table 4 , except for the subtended angle u 0 . CNT volume fraction V Ã CNT = 0:17 is considered. As observed from Figure 3 , when the panel is subjected to DDDD and CCCC boundary conditions, the frequency parameters of the panel generally decrease and then remain stable with the increase in the subtended angle, except for some small fluctuations in the curves of the DDDD boundary condition. For CFCF, CFE 1 F, and CFE 3 F boundary conditions, the curves of the first three frequency parameters have the same trend: the first frequency parameter curve increases and then remains stable, whereas the second frequency parameter first decreases and then fluctuates, and finally tends to be stable. For the third frequency parameter, the curve first climbs up, then declines, and finally tends to be stable with some small fluctuations. When the panel is subjected to CFE 2 F boundary conditions, the different trends of the second and the third frequency parameter curves are observed compared with those of CFCF, CFE 1 F, and CFE 3 F boundary conditions. These differences may be due to the change in the boundary spring stiffness in the circumferential direction. Moreover, a common trend has been observed in all cases of Figure 3 : there are always two curves that converge to the same value with the increase in the subtended angle. This may be because the symmetrical modes appear when the conical panel is closed in the circumferential direction 44 and as the subtended angle increases and approaches gradually to 360°, the open panel tends to be circumferential-closed. Figure 4 shows the variation of the first three frequency parametersv = vL Table 4 , and the CNT volume fraction is set to V Ã CNT = 0:17. As shown in Figure 4 , the frequency parameters are almost maintained at a level when the stiffness coefficient is smaller than 10D m . As it further increases, the frequency parameters increase rapidly, and when it is beyond 10 7 D m , the frequency parameters gradually tend to a constant. Further study shows that the obtained constant values are equal to the first three frequency parameters of such panel subjected to CFCF boundary conditions (they are 44.595, 45.963, and 59.189, respectively). It can be proved that the proposed boundary spring technique is capable of simulating the panel subjected to the classical boundary by setting the boundary spring stiffness coefficients to a proper value. In our study, for example, to make the given displacement component in the boundary be zero, the corresponding boundary spring stiffness coefficient in the boundary is set to be equal to 10 8 D m . Table 7 presents the effect of the temperatures on the first four natural frequencies of FG-CNTRC conical panel integrated with open-circuit and closed-circuit piezoelectric layers subjected to various boundary conditions. In this table, except for some temperaturedependent material properties, other material properties and geometrical sizes of the hybrid panels are consistent with those used in Table 6 . Three values of the temperature are considered in this case, and they are set to 300, 500, and 700 K, respectively. As expected, the increase in the temperature results in the decrease in the frequencies of the hybrid panel under various boundaries. This trend is due to the decrease in the elastic stiffness of the CNT, matrix, and piezoelectric layers with the increase in the temperature. Similar to the conclusions of the previous tables for various boundary conditions, closed-circuit hybrid panels have lower frequencies compared with those of open circuit, and the panels with CCCC boundary conditions have the highest natural frequencies.
The first four mode shapes of the hybrid conical panels subjected to various boundary conditions are given in Figure 5 . The material and geometrical parameters are consistent with those used in Table 7 . As can be seen from Figure 5 , the mode shapes of different boundary conditions are quite different. Compared to Figure 5 (d)-(g), it is found that the elastically restrained edge considerably affects the mode shapes of the hybrid panel, and different types of the elastically restrained edges also result in different mode shapes.
Conclusion
Adopting the Rayleigh-Ritz procedure with the Chebyshev polynomial basis function and the boundary spring technique, free vibrational characteristics of FG-CNTRC conical panels integrated with two piezoelectric layers and subjected to elastically restrained boundary condition are investigated in this study. Material properties of the host panel are temperature-dependent and obtained according to the extended rule of mixtures. Solution method of this research is suitable for arbitrary classical and elastic mechanical boundary conditions. Besides, both the open-circuit and closed-circuit boundary conditions are considered for the top and bottom piezoelectric layers of the hybrid structure. The excellent convergence and accuracy of the presented method are verified by the convergence and comparison studies. Parametrical studies are conducted to explore the influences of volume fraction of CNT, distribution type of CNTs, geometrical parameters, temperatures, and electrical and mechanical boundary conditions on the natural frequencies of the hybrid conical panel.
It is found out that increasing the volume fraction of CNT increases the natural frequency of the hybrid panel. In addition, among the four possible graded types of the CNTs, FG-X type of CNT distribution results in higher frequency parameter and FG-O type has the lowest one. Numerical results also reveal that in general, the panel with open-circuit boundary conditions has higher fundamental frequency in comparison with those with closedcircuit electrical boundary conditions. It was observed that with the semi-vertex angle decreased or the thickness increased of the conical panel, the fundamental frequency of the hybrid panel is increased. Besides, the influence of the thickness of piezoelectric layers on natural frequencies of the hybrid panel is not the same and also depends on the boundary conditions. Also, the stiffness coefficients of the elastically restrained boundary conditions have a remarkable effect on the natural frequencies, and the increase in the temperature results in the decrease in the frequencies of the hybrid panel.
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